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In this article, we present the effect of a strong magnetic field in the burning of a neutron star (NS).
We have used relativistic magneto-hydrostatic (MHS) conservation equations for studying the PT
from nuclear matter (NM) to quark matter (QM). We found that the shock-induced phase transition
(PT) is likely if the density of the star core is more than three times nuclear saturation (ρs) density.
The conversion process from NS to quark star (QS) is found to be an exothermic process beyond
such densities. The burning process at the star center most likely starts as a deflagration process.
However, there can be a small window at lower densities where the process can be a detonation
one. At small enough infalling matter velocities the resultant magnetic field of the QS is lower
than that of the NS. However, for a higher value of infalling matter velocities, the magnetic field
of QM becomes larger. Therefore, depending on the initial density fluctuation and on whether the
PT is a violent one or not the QS could be more magnetic or less magnetic. The PT also have a
considerable effect on the tilt of the magnetic axis of the star. For smaller velocities and densities
the magnetic angle are not affected much but for higher infalling velocities tilt of the magnetic axis
changes suddenly. The magnetic field strength and the change in the tilt axis can have a significant
effect on the observational aspect of the magnetars.
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2I. INTRODUCTION
One of the most challenging aspects of astrophysics is the study and understanding of compact objects. Compact
objects usually refer to the family of white dwarfs, compact stars (CSs) and black hole, usually formed after the
gravitational collapse of a dead star. Among compact objects, CSs (otherwise commonly known as neutron stars (NS)
or quark stars (QS)) bear a special significance in astrophysics since in addition to their own importance they also
serve as a tool to improve the understanding of nuclear matter (NM) and possibly quark matter (QM) at enormous
densities and low temperatures (see, e.g., [1, 2]). Thus the compact star serves as an ideal complementary approach
to the study of high-temperature relativistic heavy-ion collisions.
Our understanding of compact stars has changed in the last fifty years, beginning with the discovery of pulsars
[3] whilst connecting them with NSs [4]. It was well understood that pulsars are nothing but spinning CSs mostly
emitting x-rays and radio waves. The central density of CS is inferred to be as high as 3 − 10 times the nuclear
saturation density. Over time, different equation of state (EoS) of matter at such high density have been proposed and
are being continuously refined. One of the most exciting aspects arising from such high-density stars is the occurrence
of QM in their cores where confinement to deconfinement transition takes place, resulting in QS. Therefore, CS can
be of two types
a) NS composed entirely of NM
b) QS which have some quantity of deconfined QM in them.
While the nuclear and quark models have improved over the years, significant advancements appeared from the
astrophysical observations. The change has been more rapid in the last decade when the discovery and timing
observation of pulsars gained acceleration due to advent of the new generation of space-based X-ray and gamma-
ray satellites (Einstein / EXOSAT). Important observations also came from the ROSAT observatory. However, a
new era of thermal radiation observation started after the launch of CHANDRA and XMM-Newton Observatory.
With improved telescopes and interferometric techniques, the number of observed binary pulsars are continuously
increasing. To date, we know precise masses of about 35 pulsars spanning the range from 1.15M⊙to 2.01M⊙. The
radius measurement is not as precise as the masses. However, it is widely accepted that they must lie in the range
between 9− 13 km. The knowledge of heaviest NS, PSR J1614-2230 and PSR J0348+0432 [5, 6] and connecting them
with the existing radius bound already places a significant constraint on the EoS of matter at these extreme densities.
The possible existence of both NS and QS has been proposed long back [7–9]. The conversion of an NS to a QS is
likely through a deconfined phase transition (PT). The PT can occur either soon after the formation of the
NS in a supernovae explosion or during the later time through a first order PT or a smooth crossover
transition. The phase transformation is usually assumed to begin at the center of a star when the density increases
beyond the critical density. Several processes can trigger PT: slowing down of the rotating star [10], accretion of
matter on the stellar surface [11]. The cooling of a neutron star by magnetic field decay [12] can also trigger this
process. Such a PT is characterized by a significant energy release in the form of latent heat, which is accompanied by
a neutrino burst, thereby cooling the star. Corresponding star transformations should lead to interesting observable
signatures like γ -ray bursts [13–16], changes in the cooling rate [17], and the gravitational wave (GW) emission [18].
The dynamical study of PT is somewhat uncertain and even controversial [19]. In literature one can find two very
different scenarios: (i) the PT is a slow deflagration process and never a detonation [20] and (ii) the PT from confined
to deconfined matter is a fast detonation-like process, which lasts about 1 ms [21]. If the process is quick burning
and very violent (detonation) one, there can be robust GW signals arising from them which can be detected at least
in the second or third generation of VIRGO and LIGO GW detectors [18, 22]. The earliest calculations [23] assumed
the conversion to proceed via slow combustion, where the conversion process depends strongly on the temperature of
the star. However, Horvath & Benvenuto [24] later studied the stability of this conversion process, and found that
under the influence of gravity the conversion process becomes unstable and the slow combustion can become a fast
detonation. A relativistic calculation was performed [25] to determine the nature of the conversion process, employing
the energy-momentum and baryon number conservation (also known as the Rankine-Hugoniot condition). A recent
calculation of the burning process for violent shocks has also been studied [26]. However, there is still no consensus
about the nature of the conversion process.
Another unique feature of compact stars is the presence of ultra-strong magnetic field at their surface. The surface
field strength for almost all pulsars are of the order of 108 − 1012 G. However, recent observations of several new
pulsars, namely some anomalous X-ray pulsars (AXP) and soft-gamma repeaters (SGR), have been identified to
have much stronger surface magnetic fields [27, 28]. Such pulsars with strong magnetic fields are separately termed as
magnetars [29, 30]. Such a field is usually estimated from observation of the NS period and their derivative. It has also
been attributed that the observed giant flares, SGR 0526-66, SGR 1900+14 and SGR 1806-20, are the manifestation
of such strong surface magnetic field in those stars. While magnetic fields as high as 1015 G have been inferred at
the surface of magnetars [29, 31, 32], there is indirect evidence for fields as high as 1016 G inside the star [33]. It is
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FIG. 1. (Color online) a) EoS for NM and QM are shown. N stands for NM and Q for QM. For comparison curve with
magnetic field induced EoS are also shown with B. b) Pressures of NM and QM as functions of baryon chemical potential. The
intersection point corresponds to the equilibrium PT from NM to QM. Similar curve with a magnetic field induced EoS are
also plotted following similar prescription as in plot 1a.
believed that at the dense cores of such stars the magnetic field is a few order higher and in theoretical calculation
one often assumes the magnetic field to be of the order of 1018 G [34, 35].
The origin of such a high magnetic field is still unknown. The magnetic field of regular old pulsars is attributed to
the conservation of the magnetic flux during core collapse of the supernovae. However, they are unable to explain the
strong surface fields of magnetars. The idea by Thompson and Duncan [29], suggest a dynamo process by combining
convection and differential rotation in hot proto-neutron stars which can build up a field of strength of 1015 G.
Recently it was proposed that magneto-rotational instability (MRI) and MRI driven dynamo in hot proto-neutron
stars can amplify average magnetic field strength to very high values in quite short time [36–40]. Whatever may be
the origin of such magnetic fields it is clear that they will have a significant impact on the physical aspect of such
stars.
This present work aims to study the effect of such a strong magnetic field in the conversion of NS to QS. Instead
of using the relativistic conservation condition we would employ magneto hydrostatic conservation condition in the
Hoffmann -Teller (HT) frame [41]. We will treat the matter as an ideal fluid with infinite conductivity. We will mostly
concern ourselves with the space-like shocks, where the shock propagates with a velocity less than the speed of light.
In our investigation, we will assume that a PT takes place inside a cold NS. The PT is presumably a first order
PT. We assume that the formation of the new phase takes place at the center of the star due to a sudden fluctuation
of the star density. The star then burns from the core to the periphery. The conversion process will be determined
by the conservation equations and the EoS of the matter on either side of the front.
The paper is organized as followed. In section 2 we discuss the effect of magnetic field on the EoS of a star, both
before and after the PT keeping in mind the recent observational bound. The original star is of hadronic matter
whereas the final burned state is of deconfined QM. In section 3 we discuss the effect of magnetic field on the star
structure. Next, in section 4 we present the MHS conservation equation for the space-like and time-like conversion. In
section 5 we show our results aiming to clarify and classify the conversion process. Finally, in section 6 we summarize
our findings and discuss their potential astrophysical implications.
II. MAGNETIC FIELD INDUCED EOSS
The PT is brought about by a sudden density fluctuation at the star core. This initiates a finite density and
pressure fluctuation which propagates outwards. This fluctuation is assumed to propagate along a single very thin
layer, known as PT front, converting NM to QM. Therefore, to describe the properties of NM and QM, we need their
corresponding EoSs. We employ such EoS which satisfies the current bound on the recent pulsar mass measurement.
We use zero temperature EoS as we assume that the PT takes place due to density fluctuation in any ordinary cold
pulsar. However, the final burnt QM can have finite temperature depending on the EoS of matter on either side of
the PT front. For the hadronic phase, we adopt a relativistic mean-field approach which is generally used to describe
the NM in CS. The corresponding Lagrangian is given in the following form [42–44](h¯=c=1)
LH =
∑
n
ψ¯n
[
γµ(i∂
µ − gωnω
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1
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FIG. 2. (Color online) The mass-radius sequence of different compact stars (NS, HS and pure QS) obtained by solving the TOV
equations (N stands for NS, H for HS and Q for QS). Also shown in the graphs are the mass-radius sequence of magnetized
stars (symbolized with (B)).
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FIG. 3. (Color online) The Poisson’s adiabats plotted in the X − P plane both for NM and QM (Q for QM). straight green
line (RL) indicate baryon density and energy density jumps for the equilibrium PT. The graphs are shown for magnetic field
induced EoS.
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The EoS contains only nucleons (n) and leptons (l = e±, µ±). The leptons are assumed to be non-interacting, but
the nucleons interact with the scalar σ mesons, the isoscalar-vector ωµ mesons and the isovector-vector ρµ mesons.
The fundamental properties of NM and that of finite nuclei are used to fit the adjustable parameter of the model. In
our present calculation, we use PLZ parameter set [45, 46], which usually generates massive NSs, with 12.9 km radius
for 1.4M⊙ star, which are in agreement with recent constraints of mass and radius [47, 48].
To describe the QM, we use simple MIT bag model [49]. The inclusion of the quark interaction in this basic model
makes it possible to satisfy the present mass bound. The grand potential of the model is given by
ΩQ =
∑
i
Ωi +
µ4
108π2
(1− a4) +B, (2)
5where i stands for quarks and leptons, Ωi signifies the potential for species i and B is the bag constant. The second
term is for the interaction of quarks. µ is the baryon chemical potential and a4 is the quark interaction parameter,
varied between 1 (no interaction) and 0 (full interaction). We have only two quark species the u and d quarks. The
masses of the u and d quarks are 5 and 10 MeV respectively. We choose the values of B1/4 = 140 MeV and a4 = 0.56.
We have chosen such a parameter setting because we wanted to have PT happening beyond the saturation density.
The PT from nuclear matter to quark matter is usually a two-step process. In the first step, the NM is converted
to 2- flavor quark matter following the hydrodynamic conservation condition. In the next step, the 2- flavor matter
is converted to a 3- flavor stable quark matter via weak interaction, which is a slow process. As we are dealing with
only the first process here, our matter is two flavor matter. All our results are obtained employing 2- flavor matter
properties. However, for comparison, we have also shown the mass-radius curve for 3-flavour pure QS with s quark
having mass of 100 MeV.
For magnetars, since the magnetic field is very high, it is likely to affect the EoS of the stars. The detail of the
calculation is similar to that of Mallick & Sinha [50], and for brevity, we only give the overall details here. For a
magnetic field in the z-direction, the motion of the charged particles are Landau quantized in the x − y plane, and
therefore the energy in the nth Landau level is given by
En =
√
p2z +m
2 + 2ne|Q|B, (3)
where pz is the z-component of momentum, B is the strength of the magnetic field, m is the mass of the particle, n
is the principal quantum number and e|Q| is the charge of the particle in terms of electronic charge. The magnetic
field similarly modifies the quark matter. The details are given in ref. [50] and we do not repeat them here. In our
calculation we use a simple phenomenological density dependent magnetic field profile given by [34, 35, 51], and is
parametrized as
B(nb) = Bs +B0
{
1− e
−α
(
nb
n0
)γ}
, (4)
with Bs being the surface magnetic field and B0 is the field at infinitely high density. The surface field is assumed to
be 1015 G and central field is 3 × 1018. We assume α = 0.01 and γ = 2, which is a gentle variation of the magnetic
field inside the star. For such a variation the magnetic field at the center of the NS is about 1.7 × 1018 G or in
Lorentz-Heaviside unit it is about 1.2× 105 MeV2.
The maximum central field that a star can support is of the order of few times 1018G. A full general relativistic
treatment was first done by Bocquet et al. [52] and was further developed by Cardall et al. [53] where they solved the
full Einstein-Maxwell equation and found that if the magnetic field is few times 105 giga Tesla (1018 G), the shape
of the star becomes toroidal. However, such shape of a neutron star is difficult to obtain, and not all numerical code
can handle such extreme NS configuration. In most of the recent papers [54–56] the maximum magnetic field at the
center of the star is assumed to be 1018 G. In our work we have performed calculation with such extreme magnetic
field strength at the center of the star (1.7× 1018 G).
The EoS of the NM and QM are plotted in fig 1a. In the same figure, we also plot the magnetic field induced EoS.
We find that both the NM and QM EoS gets softer due to the magnetic field. The equilibrium PT point between
the two phases can be calculated by plotting the pressure of the two phases as a function of chemical potential. The
point where the two curves cross gives us the PT point. Below the crossing point, the matter is hadronic and above
it is quark (as shown in fig 1b). We find that even for magnetic induced NM and QM EoS the crossing point does not
change much. The PT is implemented assuming Maxwell’s construction. The Tolman-Oppenheimer-Volkoff (TOV)
equations are solved to obtain the star sequence for the hybrid stars (fig 2). The low mass stars are all pure hadronic,
however, once the central density crosses the threshold value, QM starts to appear in their core and we obtain a
separate branch. It is easy to observe that the PLZ model generates quite massive stars, the maximum being 2.4 M⊙
with a radius of about 11.5 km. The hybrid stars are less massive than the pure NS as they have quark matter inside
then. The pure QSs are more compact and gives completely different curves. The curves for the magnetic field
induced stars (both neutron and quark) are drawn solving the Einstein field equations in the presence
of magnetic field. In section 3, we give the essential steps of our calculation in detail.
The EoS and the equilibrium PT can also be represented in the form of Poisson adiabats as shown in fig 3. The
pressure is plotted as a function of parameter X given byX ≡ (ǫ+ p)/n2b . The straight horizontal line connecting the
two phases represents equilibrium PT. As we move towards the star core the pressure increases whereas the value of
X decreases. The value of X of NM is larger than that of QM because for the same value of pressure the density of
QM is higher. In fig 3, there is only equilibrium PT, and as QM EoS is less stiff than the NM EoS, the Taub adiabat
curve lies on the left of nuclear adiabat. The Rayleigh line (RL) is also horizontal meaning equilibrium PT, where
there is a density jump but no pressure jump. If the QM EoS is to be more stiff in the high-density regime (varying
the bag constant and/or the coupling a4 term), then one can have the QM Taub adiabat on the right of the NM curve
as obtained by Furusawa et al. [57, 58]. However, for standard cases, it is highly unlikely.
6During the PT there is a jump in the value of X, which becomes stronger at larger densities. The equilibrium PT
is difficult in old cold pulsars unless there is some sudden fluctuation in the thermodynamic quantities which can
grow to give a step-like feature. We assume that such a step-like discontinuity generated near the star center and
which propagates outwards bringing about a PT. The PT front burns the NM and leaves behind a compressed quark
core. At relatively low-density region the discontinuity diminishes, and PT fronts stop. It is also assumed that the
discontinuity happens only in a very thin layer in comparison to the star radius.
III. MAGNETIC FIELD ON THE STAR STRUCTURE
In the present work, our main aim is to study the effect of strong magnetic fields in the PT of compact stars. Such
a strong magnetic field can have some effect on the mass-radius relationship of the star. The details of
the calculation can be found in our previous paper [34]. Here we only mention the basic details and study their effect
on the given stars sequences. In this work, we have neglected the effect due to magnetization. The magnetization
effect becomes significant only if the central field is greater than 1019 G, by which time the star becomes unstable
[59]. The deformation of the star mainly arises due to non-uniform magnetic pressure. In the rest frame of the fluid,
the magnetic field is in the z-direction, the energy density and pressure are given by
ε = εm +
B2
8π
; (5)
P⊥ = Pm +
B2
8π
; (6)
P‖ = Pm −
B2
8π
, (7)
where ε is the total energy density, εm is the matter-energy density and
B2
8pi is the magnetic stress. P⊥ and P‖ are the
perpendicular and parallel components of the total pressure concerning the magnetic field. Pm is the matter pressure.
The total pressure in both directions can be written as a single equation in terms of spherical harmonics
P = Pm + [p0 + p2P2(cosθ)], (8)
where p0 =
B2
3.8pi is the monopole contribution and p2 = −
4B2
3.8pi the quadrupole contribution of the magnetic pressure.
P2(cosθ) is the second-order Legendre polynomial and is defined as P2(cosθ) = 1/2(3cos
2θ − 1), where θ is the polar
angle with respect to the direction of magnetic field.
Similarly the metric describing a axially symmetric star can formulated as a multipole expansion
ds2 = −eν(r)[1 + 2(h0(r) + h2(r)P2(cosθ))]dt
2 (9)
+eλ(r)[1 +
eλ(r)
r
(m0(r) +m2(r)P2(cosθ))]dr
2
+r2[1 + 2k2(r)P2(cosθ)](dθ
2 + sin2θdφ2),
where h0, h2,m0,m2, k2 are the corrections up to second order.
The Einstein field equations are used to find the metric potentials in terms of the perturbed pressure and hence
can be solved to calculate the mass modification and axial deformation. To solve the Einstein equation we use the
above mentioned density-dependent magnetic field profile of the star (eqn. 4). This simple approach ensures a
physical situation that a non-uniform magnetic field is present in the star. The model assumes that
the magnetic field at the center of the star can be several order of magnitude larger than the surface.
The anisotropic magnetic pressure generates an excess mass of the star and also produces a significant
deformation. In the equatorial direction, magnetic pressure adds to the matter pressure causing the
equator to bulge, whereas in the polar direction the magnetic pressure reduces the matter pressure
causing the pole to compress. The star, therefore, takes the shape of an oblate spheroid.
Using the given prescription, we calculate the stars sequence for NS and HS. In fig 2 we find that such strong
magnetic fields significantly changes the mass-radius nature of the curves. The effect of magnetic field on the EoS
makes it softer which will eventually reduce the maximum mass of the star. However, the magnetic force on the TOV
equation tends to increase the mass of the star. Ultimately, by the combined action of these two effects the maximum
mass of the star does not change much, however, it has a considerable impact on the stars radius.
7IV. FLUID DYNAMIC CONSERVATION CONDITIONS
The differential form of energy-momentum conservation law for a fluid dynamical system is given by
DµT
µν = 0, (10)
where
T µν = wuµuν − pgµν . (11)
w is the enthalpy (w = ǫ + p), uµ = (γ, γv) is the normalized 4-velocity of the fluid and γ is the Lorentz factor. gµν
is the metric tensor chosen as (1,−1,−1,−1) using standard flat space-time convention. Along with this the baryon
number is also conserved for an isolated system such as CSs. The conservation laws can also be realized in the form of
discontinuous hydrodynamical flow usually in shock waves. We assume that the PT happens as a single discontinuity
front propagates separating the two phases. Therefore we denote “h′′ as the initial state ahead of the shock (NM)
front and “q′′ as the final state behind the shock (QM).
Across the front, the two phases are related via the energy-momentum and baryon number conservation. The
relativistic conservation conditions for the space-like (SL) and time-like (TL) shocks are derived from the above-
generalized equations [41, 60, 61].
a. Space-like
whγ
2
hvh = wqγ
2
qvq; (12)
whγ
2
hv
2
h + ph = wqγ
2
qv
2
q + pq; (13)
nhvhγh = nqvqγq. (14)
b. Time-like
whγ
2
h − ph = wqγ
2
q − pq; (15)
whγ
2
hvh = wqγ
2
qvq; (16)
nhγh = nqγq. (17)
However, when intense magnetic fields are present, the conservation condition gets modified. It now has both
matter and magnetic contributions [41]. Infinitely conducting fluid assumption makes the electric field to disappear.
Also, the conservation is solved in a particular frame called HT frame [62] where the fluid flows along the magnetic
lines, and there are no −→u ×
−→
B electric fields. In this framework, the magnetic field and the matter velocities are
aligned. We assume that x-direction is normal to the shock plane. The magnetic field is constant and lies in the x− y
plane. Therefore the velocities and the magnetic fields are given by vx and vy and by Bx and By respectively. The
angle between the magnetic field and the shock normal in the HT frame is denoted by θa (θi the incidence angle and
θr the reflected angle).
Therefore the conservation conditions now read as
a. Space-like
whγ
2
hvhx = wqγ
2
qvqx; (18)
whγ
2
hv
2
hx + ph +
B2hy
8π
= wqγ
2
qv
2
qx + pq +
B2qy
8π
; (19)
whγ
2
hvhxvhy −
BhxBhy
4π
= wqγ
2
qvqxvqy −
BqxBqy
4π
; (20)
nhvhxγh = nqvqxγq. (21)
b. Time-like
whγ
2
h − ph +
B2hy
8π
= wqγ
2
q − pq +
B2qy
8π
; (22)
whγ
2
hvhx = wqγ
2
qvqx; (23)
whγ
2
hvhy = wqγ
2
qvqy ; (24)
nhγh = nqγq. (25)
8For the HT frame we also have
vhy
vhx
=
Bhy
Bhx
≡ tan θi, (26)
vqy
vqx
=
Bqy
Bqx
≡ tan θr. (27)
The assumption of infinite conductivity gives the electric field to be zero. The Maxwell equation of no monopoles
∇ ·
−→
B = 0 gives
Bhx = Bqx. (28)
Substituting this in eqn. 26 and 27, we have Bqy/Bhy = tan θr/ tan θi. Usually, θr 6= θi and therefore the magnetic
field across the PT is discontinious.
The TL conservation conditions lead to some exciting results in the HT frame, which can be obtained analytically.
Dividing eqn. 24 by eqn. 23, we get
vhy
vhx
=
vqy
vqx
. (29)
Combining this with eqn. 26 and eqn. 27, we have
Bhy
Bhx
=
Bqy
Bqx
. (30)
But eqn. 28 says Bhx = Bqx, therefore we have Bhy = Bqy.
Therefore eqn. 22 now becomes
whγ
2
h − ph = wqγ
2
q − pq, (31)
which is same as the non-magnetic case.
Eqn. 23 and 24 can be combined in a single equation
whγ
2
hvh = wqγ
2
qvq. (32)
Therefore, the TL conservation equation remains the same as the nonmagnetic case. The magnetic field does not
affect the TL PT or discontinuity. In our previous work [41] we found somewhat similar result numerically, but here
we can work them out even analytically. The conservation condition is such that the magnetic field does not affect
TL shocks and only matter properties govern them. In this work, we will, therefore, discuss only SL shocks.
V. RESULTS
Fluctuation of the thermodynamic quantities at the center of the star starts the PT. The PT will depend on the
process being exothermic or endothermic. At the center of the star first there is a deconfinement transition, and then
there is conversion to stable QM (3- flavor). At a certain point as the matter converts from NM to QM (2- flavor)
there is a sharp change in the thermodynamic variables (like density, pressure, etc.). From here on QM will imply 2−
flavor QM unless stated otherwise. The propagation of the PT front depends on the energy difference between the
NM and QM. If the energy of the NM is greater than that of the QM (at fixed number density), then the conversion is
exothermic, and shock-like features can develop. However, the energy difference depends on the EoS of NM and QM,
the baryon density at which the PT is taking place and also on the velocity of the shock front. The above conservation
conditions are written in the rest frame of the conversion front. We solve our problem in this frame and switch to the
global frame where QM is at rest. In our calculation, for the front rest frame, NM velocity is represented as vh and
QM velocity as vq. In the global frame, NM velocity is given by vn and front velocity as vf . In this global frame the
NM moves toward the center with velocity vn = (vh− vq)/(1− vhvq). The front velocity near the center can assumed
to be vf = −vq, where vh and vq are the quantities in the HT frame.
The equilibrium PT from NM to QM happens at around 3.2 times nuclear saturation density for our chosen set of
EoSs. Therefore we want to examine the shock-induced PT around this point for comparison. Therefore, we choose
shock induced PT happening at 3 times and 4 times saturation density ρs. The magnetic field at these points can be
calculated from our chosen magnetic field profile. The magnetic field B at 3ρs is 6× 10
17 G (4.3× 104 MeV2) and at
4ρs is 1× 10
18 G (7× 104 MeV2).
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FIG. 4. (Color online) The variation of vh and vq as a function of vn is shown. a) Solid (without B) and dashed (with B) curve
corresponds to vh and dotted (without B) and dash-dotted (with B) curve corresponds to vq. Curves are shown for ρb = 4ρs.
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FIG. 5. (Color online) The energy density of the NP and QP as a function of baryon density are shown. a) Curves without
magnetic field contribution, plotted for two given values of vh, 0.1 and 0.3. b) Curves with contribution from magnetic field
are shown with vh = 0.3.
In this calculation, we will see the evolution of our relevant parameters regarding vn and nuclear density ρb. For
such analysis first we have to know how vh and vf varies with vn. The velocity variation is shown in fig 4. We see
that initially as vn increases from 0 to 0.1 there is a sharp rise in vh from 0 to 0.5 after which the slope of vh decreases
and gradually goes to 1 as vn reaches 1. However, the value of vh is always greater than vn. The difference is high at
lower values of velocity and decreases as velocity increases. On the other hand, if we see the variation of vf (which is
the same as vq only the direction changes), we find that initially vf rises rapidly to attain a maximum value of 0.44
at vn = 0.2 and from there it decreases slowly to attain value 1/3 as both vn and vf goes to 1. Near the center of
the star, the velocity of the incoming matter is largest. As the shock wave propagates outwards from the center, the
incoming matter velocity decreases but the front velocity increases gradually. However, after vn becomes less than
0.2, the front velocity drops rather quickly and vanishes at vn → 0. It is interesting to note that the conservation
conditions act in such a way that even without any dissipation mechanism there is some deceleration which drives
the front velocity to zero at some point inside the star, corresponding to an equilibrium configuration with the static
phase boundary. The vh and vq with magnetic field follows the non-magnetic curve closely, but their value at any vn
is slightly smaller than their nonmagnetic counterpart. The magnetic field slows front velocity or the speed of the
conversion. Thus the PT happens slowly for magnetars than in normal NSs.
If there is a sudden fluctuation of matter at high density, then the PT is no longer an equilibrium PT. Such delayed
PT can occur at higher densities and can be a violent one. Such PT would depend primarily on the energy difference
between hadronic state and the shocked quark state. In fig 5a we see that the energy of the NM is considerably higher
than the energy of the QM (corresponding to a particular number density) only beyond 3ρs. Therefore the PT beyond
this point is an exothermic one, and shock-like features can develop. We also find that at densities below 2ρs the
energy difference between the un-shocked and shocked phases becomes almost equal. Beyond these densities inside the
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FIG. 6. (Color online) Magnetic field in the NP and QP are shown as a function of ρb and vn. a) Solid line is for NP and the
dotted and dashed lines are for QP with vh = 0.1 and vh = 0.3 respectively. b) Similar set of curves are plotted as a function
of vn for two different ρb, 3ρs and 4ρs. Quantities with subscript N corresponds to NP and with subscript Q corresponds to
QP.
star, it is difficult for the matter to undergo PT. At such densities, it is expected that the dynamical shock-front would
decelerate and ultimately stop. However, such analysis can only be done once we do the full dynamic calculation,
which is beyond the scope of this article. We have shown curves for two different incoming hadronic velocities (vh),
and the behavior of the curves does not change much. In fig 5b we show similar curves but with contribution from
magnetic energy. The magnetic energy adds to the matter energies and makes the curves stiffer. However, the PT is
still exothermic.
A. magnetic field and tilt of magnetic axis
The magnetic field for the the NM is our input. Whereas, the magnetic field for the QM is obtained by solving the
conservation conditions. The strength of the magnetic field in QM will determine whether the resultant star is more
or less magnetic. In our previous calculations [50], we have seen that the QS is less magnetic than a NS where the EoS
was solely responsible for the magnetic field calculation, however, in our current study, we refine our calculation by
solving the magneto-hydrostatic conditions (conservation conditions have magnetic field exclusively) with magnetic
field induced EoS.
We have studied the magneto-hydrostatic conservation equations when the magnetic field is at an angle θi = 30
◦.
In usual pulsars, the magnetic axis (MA) is slightly tilted from the body axis. It has been argued by Flowers &
Ruderman [63] that at the birth, the tilt angle is small and grows with time as the stars slow down. Another group
[64] presented a significantly different picture. However, a recent study proposed [65–67] that the spin angle is either
small (less than 40◦) or very large (greater than 80◦). If the magnetic field is perpendicular to the shock front, then
there is no effect as then we will only have x-component of the magnetic field (no By term). But from Maxwell’s
equation (eqn. 28), they are equal in the burnt and unburnt matter. Therefore, for a large tilt angle, the magnetic
field will not have much effect on the PT front. Thus, the compelling case to study will be the scenario when the
magnetic field is less than 40◦. For a more conservative approach, we have assumed the magnetic tilt to be 30◦.
In fig 6a and fig 6b, we plot the initial and final magnetic field as a function of density and vn respectively. In
fig 6a we plot the magnetic field as a function of density for two incoming matter velocities, 0.1 and 0.3. As evident
from the energy diagrams we conclude that the PT would only be possible at densities beyond 3 times the saturation
density. At such high densities, the incoming matter velocities would not be very high, and therefore we choose vn to
be small. From fig 6a, we find that the magnetic field in the burnt QM is smaller than the magnetic field in the NM
at a fixed density. As the density increases the magnetic field in the burnt matter becomes much lower. The change
in magnetic field across the two phases is about 12 − 15%, at the core of the stars. As the velocity of the incoming
matter increases the magnetic field in the QM decreases much further.
Next, we plot the magnetic field on the two sides as a function of vn in fig 6b, for two densities. We see that initially
at smaller values of vn the magnetic field in the QM decreases further below that of NM and attains a minimum
value at around vn = 0.2 − 0.3 (corresponding to vh = 0.48 − 0.65). From there onwards the magnetic field in QM
increases and at values greater than vn = 0.7 (vh = 0.85) the magnetic field in the QM becomes greater than that of
NM (there is a crossing in the curves). The nature of the curves remains almost the same for both sets of densities.
Such behavior may be because at such vn the value of vh becomes quite high, and then the conservation condition is
driven mostly by the matter enthalpy and pressure than that of the magnetic force.
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FIG. 8. (Color online) a) Magnetic field of NM and QM are shown as a function of baryon density. The script “pn” indicates
the phenomenological field variation with centre and surface field differing by 3 order of magnitude whereas “real” indicates
where the surface to centre field strength differing by only 1 order of magnitude. b) Curves indicates how λ and λb vary as a
function of ρb. The nomenclature remains the same. All the curves a) and b) are shown for vh = 0.3.
It is difficult from fig 6a to figure out whether at a particular point in QS the magnetic field would be greater
than or less than that of an NS. It is because fig 6a only implies that at a particular density the magnetic field in
NM is greater than QM. However, if the QS has resulted from a PT then for a particular point (radial distance from
the center) the density would also increase. As the magnetic field strength is a function of density, a rise in density
implies a rise in the magnetic field. Therefore, the ultimate magnetic field strength is obtained when we take both
the effect into account. This has been shown in fig 7. Here we plot λ and λb as a function of density, with the
definition λ = nq/nh (ratio of densities) and λb = λ.Bq/Bh. The curves show that at very low baryon density λ is
>> 1. It is less than 1 between ρb = 0.24− 0.39 (for vn = 0.3) and at higher densities, it again becomes greater than
1. The λb curve is similar in nature but attains a value less than 1 only in the range ρb = 0.23 − 0.58. The value
of λb < 1 indicates that the QS magnetic field strength (at some particular radial point in the star) is less than NS
magnetic field strength. Although the magnetic field in the QM is always less than NM for a particular density, still
the magnetic field strength of the QS can be higher than NS at very small and very large densities (excluding the
range ρb = 0.23− 0.58). We find the similar behavior of magnetic field strength for vn = 0.1.
The magnetic field profile that we choose is not consistent with the Einstein-Maxwell equations. Results for a more
realistic field variation of one order of magnitude from the center of the surface is plotted in fig 8 (curves marked
“real”). In this calculation, the surface field is assumed to be 1.6 × 1017 G, and the center field is 1.6 × 1018 G (to
compare with previous results) with other parameters remaining the same. The magnetic field strength for QM is
much lower than that of NM for a fixed density. With this realistic field variation, the magnetic field strength in the
QM is reduced by about 25%. However, when we plot the λ and λb as a function of ρb we find that there is not much
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FIG. 9. (Color online) Reflected angle (θr) is plotted as a function of ρb and vn. a) Solid line is for incident angle (θi) and the
dashed and dash-dotted lines are for reflected angle (θr) with vh = 0.1 and vh = 0.3 respectively. b) Similar set of curves are
plotted as a function of vn for two different ρb, 3ρs and 4ρs.
change in the region of the star where the magnetic field of QS is less than the magnetic field of NS (the density range
being ρb = 0.2− 0.58). We, therefore, infer that a realistic magnetic field profile of the magnetic field can have some
quantitative changes in the results but the qualitative nature of the study remain the same.
Another interesting outcome of the phase transition which is only present for MHS calculation is the angle between
the magnetic field and shock front. If the star is more or less spherical, then the angle between the body axis and
MA will also be the angle between the magnetic field and shock front. Therefore, the incident angle θi in the NM
is 30◦. The angle in the QM is obtained by solving the conservation conditions and is depicted as reflected angle
θr. The reflected angle θr changes both with ρb and vn. The incident angle θi is always fixed at 30
◦ for a star with
a magnetic field. In fig 9a, we plot the reflected angle as a function of ρb for two incoming matter velocity vh. At
smaller densities, the reflected angle is large but falls off very fast, and at densities which are of our interest (beyond
three times ρs), the reflected angle is always smaller than incident angle. For small vh the reflected angle becomes
negative. The negative sign in the reflected angle means that the reflected matter velocities and magnetic field are
above the plane perpendicular to the shock front (the x-axis). At very higher densities the reflected angle is always
negative, and for vh = 0.1 it is negative for almost all densities of our interest. However, for vh = 0.3 and at some
intermediate densities the reflected angle is positive. So there is a complete change in angular directions at higher
densities. Thus, instead of pointing upwards, the matter velocities and magnetic fields point downward in the burnt
matter. Such features become clearer in fig 9b where we plot θr as a function of vn. We have plotted the curves for
two different densities (3ρs and 4ρs). For 3ρs we find that as the velocity increases θr decreases and becomes zero at
vn = 0.21 (vh = 0.5). Beyond that, it increases in the positive direction and goes to about 60
◦ at higher velocities.
It signifies that the outflow velocity and magnetic field in the burnt QM changes direction at higher speeds. The
curve for ρb = 4ρs shows almost similar pattern only differing numerically. This is a fascinating result as it shows
that for violent shocks where the initial incoming matter velocity is high the resultant QS can have MA tilted in
altogether another direction. Previous studies which discuss the evolution of the magnetic tilt axis has calculated its
development based on the spin frequency or the cooling rates which happen gradually. However, the change in the
magnetic tilt brought about by PT is a sudden change and can have enormous observational significance.
B. combustion process
The variation of matter velocities and the comparison of the burnt and unburnt matter velocities is a valuable tool
to understand whether a shock propagation is a detonation or a deflagration. If the speed of the burned matter is
higher than unburnt matter, the PT is a detonation one, whereas if the velocity of the unburnt matter is higher than
burned matter it is a deflagration. Detonation is very fast burning whereas deflagration is slow combustion. Another
way of determining detonation and deflagration is comparing their energy and pressure. It can be classified as
a) vq > vh, eq − pq < eh − ph detonation.
b) vq < vh, eq − pq > eh − ph deflagration.
In fig 10a we plot vh and vq as a function of ρb. We have compared it for two values of vh, 0.1 and 0.3. We
find that for the non-magnetic case at very small densities (below two times ρs) the velocity of the quark matter is
greater than the velocity of the nuclear matter. At such densities, the burning process can be a detonation one. When
we draw similar plot taking into account the magnetic field the quark matter velocity is found to be always smaller
than hadronic matter velocity. Therefore, for the magnetic case, the propagation is still a deflagration one. Such
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FIG. 10. (Color online) a) Curves in this figure drawn to compare vh and vq as a function of ρb. The input vh for the magnetic
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FIG. 11. (Color online) a) The incoming matter velocity vn and the front velocity vf in the global frame (QM rest frame) are
shown as a function of ρb. The solid and the dashed lines are for vn without and with magnetic effect and the dotted and
dash-dotted lines are for corresponding vf ’s. Curves are plotted for vh = 0.3. b) The difference of (e− p) for QP and NP is
plotted as a function of vn. The solid line (without magnetic effect) and the dotted line (with magnetic effect) are plotted for
ρb = 3ρs and the dashed and dash-dotted curves are for ρb = 4ρs.
pattern is seen for both the incoming matter velocities. Following the condition given for determining detonation and
deflagration we plot (eq − pq)− (eh− ph) (denoted as ∆(e− p) in the fig 10b) as a function of ρb. The value is always
positive, apart from a small window at low densities where it becomes negative. The density range where a detonation
process can develop is the same for both the plots. The PT is mostly a deflagration type apart from a small window
at lower densities. After the small window where it becomes negative the value is always positive and increases in
density, meaning that the deflagration speeds up at higher densities. For vh = 0.1, at such densities, the magnetic and
non-magnetic curve almost overlap, but at higher densities, the magnetic curve lies below the non-magnetic curve.
The nature of the curves remains the same for all the cases.
The global nuclear matter speed and the front velocity is an important parameter for this PT. The value of vn
depends both on vh and vq. Although vh is kept constant for our calculation vn changes with ρb as the value of vq
changes. Therefore, it is interesting to see how the front velocity vf and vn changes with ρb. In fig 11a we have
plotted the vn and vf as a function of ρb for vh = 0.1. At low densities vn first decreases and attains a minimum
negative value at 2ρs. Beyond this point vn gradually increases and again becomes positive beyond 2.5× ρs and then
gradually attains a constant value at higher densities. The nature of vf is completely opposite, it first increases at
low densities and attains a maximum value at 2ρb (vf = 0.1 = vh) and then gradually decreases to attain almost a
constant value at higher densities (which is smaller than vh). In the region of our interest (ρb > 3ρs) vf is always
greater than vn and they are both smaller than vh. The nature of both vn and vf are the same for a magnetic star
only their corresponding values are smaller than the non-magnetic star.
Next in fig 11b we check the variation of ∆(e−p) with vn for two values of ρb. The value is always positive implying
that the burning process at such densities is always a deflagration. As the velocity increases the ∆(e − p) increases,
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FIG. 12. (Color online) TA are shown in the X − P plane. a) Curves are plotted for a fixed vh = 0.3 and by varying the
density. The horizontal lines connected with dots are the so-called RL, showing PT from NM to QM for ρb = 3ρs. TA and
RL with and without magnetic field induced EoS are shown. The RL for magnetic field induced EoS happens at much lower
pressure. Also shown in the graph the TA for tL shock adiabat (blue dash-dot line). b). TA obtained by varying vh for two
fixed ρb, 3ρs (dotted) and 4ρs (dashed). The slant horizontal lines are for RL for vh = 0.1.
implying a strong deflagration. ∆(e − p) is always greater for normal NS compared to magnetars implying that for
magnetars deflagration is slow.
C. Taub-adiabat
Nuclear to quark PT can also be realized if we plot the Taub adiabat (TA) curves. TA is a single equation which
can be obtained from the conservation equations and reads as
(pn + εq)Xq = (pq + εn)Xn , (33)
where Xi = wi/n
2
i . The thermodynamic quantities of a given phase can be regarded as a function of this X . For a
given initial state of NM (a fixed point in the curve) one can have a TA of the QM by a line in the Xq − pq plane.
The slope of the RL, connecting this initial point in the NM with the point (Xq, pq) on the TA is related to the
incoming velocity vh. As vh increases the slope of the line increases as (γhvh)
2 [68]. Therefore, for each vh there is a
specific point on the TA corresponding to the state of compressed QP. The discontinuity across the PT front can be
understood from the TA. The RL represents the pressure, energy density and density discontinuity across the front
from NM to QM.
In fig 12a we have plotted such a TA. The black line represents the initial NM EoS plotted in this plane. The shock
adiabat (red dotted curve) is obtained by varying the nuclear density for a fixed incoming matter velocity (vh = 0.3)
using the conservation conditions. Smaller density implies higher X, and as density increases, X becomes smaller. We
find that at lower densities the shock adiabat can be on the left side of the nuclear curve not observed for equilibrium
PT. As the density increases, it goes to the right of the nuclear adiabat and their difference increases. The blue line
represents the RL. As the HM EoS is stiffer at higher energies than QM EoS therefore usually it lies on the right of
the shocked matter. However, there is a small window where it rests on the left of the shock adiabat (at low energies
the curves cross in both fig 1a and fig 12a)). The shock adiabat can be identified with non-horizontal RL where both
density and pressure changes.
The magnetic shock adiabat shows a similar behavior, and at lower densities, it almost overlaps with the non-
magnetic curve. The curve differs at higher densities. It is interesting to note that the density range where the shock
adiabat lies on the left of the nuclear curve coincides with the density range where the burning becomes detonation.
This is a fascinating phenomena which shows up in almost all the figures. The RL for the magnetic adiabat lies
at a lower pressure than that for non-magnetic adiabat which is expected as the magnetic EoS is softer than the
non-magnetic one.
In fig 12b the shock adiabat is obtained by varying vh for fixed values of ρb. The RL are shown for vh = 0.3. Curves
have been plotted for two densities 3ρs and 4ρs. The curve for smaller density starts from lower pressure as expected.
Therefore, the RL slope is also softer than that for 4ρs. The magnetic curve shows a similar feature and has not been
shown in the figure as it does not add any new physics to it.
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VI. SUMMARY AND CONCLUSION
In this present article, we mainly focus our attention on the effect of magnetic field on PT of an NS to QS. We have
used relativistic MHS conservation condition to study this effect along with magnetic field induced EoS. For simplicity,
we have chosen the HT frame (where the magnetic and matter velocities are aligned in the rest frame of the front)
and also assumed infinite conductivity. We aim to categorize the PT process, whether it is a fast burning detonation
or a slow deflagration. In our calculation, we have used the hadronic and quark EoSs which is consistent with the
recent constraints. We have assumed magnetic fields of strength 1015 G at the surface of the star which is usually
associated with magnetars. The central magnetic field is considered to be of the order of 1.7 × 1018 G. The energy
of NM is higher than that of QM (at fixed number density) at higher densities, and the process can be exothermic.
Therefore, the PT induced by a shock like discontinuity at the star center will propagate outwards, converting NM
to QM.
Observing the criterion for detonation and deflagration, we found that the velocity of the NM in the majority of the
density range is higher than that of the QM, which is the condition for a deflagration. Also, the ∆(e− p) comparison
of the respective phases comes to the same conclusion. The burning process at the star center most likely starts as a
deflagration process. However, in almost all the curves we have found that there is a small density window at lower
densities where the process can be a detonation one. In this little window, all the parameters behave differently. The
criterion for detonation and deflagration depends strongly on our choice of EoS and to infer further, studies employing
different EoSs should be carried out.
Most of the exciting and new physical insight comes when we compared the magnetic field of the unburnt NM
and burnt QM. At small enough infalling matter velocities the resultant magnetic field of the QS is lower than
that of the NS. However, for higher values of infalling matter velocities, the magnetic field of QM becomes larger.
Therefore, depending on the initial density fluctuation and on whether the PT is a violent one or not the QS could be
more magnetic or less magnetic. This can have substantial observational significance because a strong magnetar can
suddenly become less magnetic and will not show common magnetar properties like anomalous x-ray pulses and flares.
On the other hand, a regular NS can suddenly start to exhibit x-ray pulses and giant flashes and other magnetar
characteristics, and this change happens suddenly as the PT is a fast process.
The sudden PT can also have a massive effect on the magnetic tilt of the star. For smaller velocities and densities
the magnetic inclination are not affected much but for higher infalling velocities the tilt of the MA can change suddenly
with PT. In such extreme cases, the magnetic angle suddenly flips sign and even can increases a lot suddenly. All
previous calculations regarding the evolution of the magnetic tilt axis is a slow process and is connected with its
lifetime and speed. However, the change in the magnetic tilt for magnetars due to PT is a sudden process and is an
interesting one, implying that a star with MA tilted to the right can undergo a PT and the resultant QS can have an
MA leaned to the left? This can have considerable effects on the observation of pulsars. A pulsar previously recorded
can undergo a PT and can completely disappear. On the other hand, we can suddenly identify a new pulsar in the
sky after it has undergone PT without any supernovae happening in the near past.
Although we have in detail discussed the magneto-hydrostatic scenario of the PT of NS to QS, we have only estab-
lished the initial conditions and the possible PT mechanism. The actual dynamic of the PT would be complete once
we study and understand the magneto-hydrodynamic PT scenario solving the dynamic Euler’s equations. Although
such calculation might be very involved, it is on our immediate agenda [69].
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